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FRANK R. UNGER

INVARIANT Sp(1)-INSTANTONS ON §% x §?

ABSTRACT. In this paper all (anti)self-dual invariant connections on homogeneous
quaternionic line bundles over §? x S? are calculated and described in terms of the isotropy
homomorphism of the bundle using Wang’s theorem. These are the canonical connections on
bundles with an ‘(anti)symmetric twist’ and an S'-parametrized family of flat structures on
bundles with a ‘simple twist’.

INTRODUCTION

The classification of instantons on S* ([1],[6]) starts out with the ‘basic
instanton’, the canonical invariant connection of the Hopf fibration
$* - 87 - §* Conformal transformations then generate new instantons.
The same question posed for S* x S? requires a different approach since its
connected conformal group consists only of isometries ([4, Note 11, Th. 2,
(2)]). But even though S? x S? is not a self-dual manifold, since it is
compact Kaechler a dimension formula for the moduli space .#_ of
irreducible antiself-dual connections still holds and makes the situation
again similar to that of S*. This motivates us to pursue the first step ([6, Ch.
1, 2]) on §? x S2. :

DESCRIPTION. We writte M =S8?>xS>=K/J as a reductive
homogeneous space [4] with K = Sp(1) x Sp(1) and J = U(1) x U(1). For
any homogeneous quaternionic line bundle over M we consider its bundle
P(M, G) of Sp(1)-frames with isotropy homomorphism i:J — G = Sp(1). 4
is of the form

1) A1 (€101 e12f2) s @ 1017202y 1y e 7
up to an orientation preserving rotation in the Lie algebra imH of Sp(1).
We decompose £=imH x imH =o + » with o = Spang(i,,i,) and
= Spang(X, =j;, X, =k, X5 =Jj,, X4 = k,). For reductiveness we have
[iu] = 8,0k, and [i,. k,] = —3,j,€ m

Given a K-invariant connection I' on P corresponding to an ad-invariant
map A: sz o (cf. [4]) we may evaluate the self-duality condition (X means
‘induced by X°)

Q.(X, X) = (-),X,. X)) GGt =1)

using Wang’s formula. (The ‘— sign describes the antiself-dual case.) For
the canonical connection we get

@) Agliy) = (=)A,l03),
and in general we have two homogeneous and one inhomogeneous
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instanton equation
(3) [AXuAXz](T)[AXs’AX‘t] = i*(i1(f)i2)
(4a) [AX1,A)(3](1‘)[AX2,AX4]=O
(4b) [AX,AX,] 5[AX,, AX5]=0.

Writing A as a (3 x 4)-matrix A = (4,,), (4a) and (4b) can be re-expressed
by

(4a") A34<i) A:S =0
and
@v) AP A =0, n=123,

where A!™ denotes the determinant of A after deleting the nth row and the
columns [ and m, whereas (3) becomes

(3) Ay (T)iz) =i —cyj +c3k
with ¢, = A* (T)A,llz.

For seSp(l), ad(s) := (Rs—; Ly),: imH —im H is given by a (3 x 3)-matrix
which decomposes as

ad(s) = ad(s)sym + ad(s)skew

where
s + 57 — 53 — 53 25,55 25,55
ad(s)gym= 2s,s, s34+ 53— st — 83 25,5,
25,5, 25,5, Sg+ 53— 57— 53
and
0 —S5; . 5
ad(s)gew = S3 0 -5,
—s, 5 0

where s = sy + 5,1 + S,/ + s3k.
Now let o := (e'1°1, ¢'2%2) and 0 := v,0, + v,0,. Then
1 0 0
ad(A(c)) =] O cos26 —sin20
0 sin26 cos 26
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and
cos26, —sin26, 0 0
sin20,  cos 20, 0 0
ad(e) = .
0 0 cos20, —sin26,
0 0 sin26,  cos26,

and we have the

THEOREM. On homogeneous Sp(1)-bundles over S§* x S? the following is
true:
(i) The canonical K-invariant connection is self-dual iff v, =v, and
antiself-dual iff vi = —v, (cf. (1)).
(i) There exists a 1-sphere of K-invariant flat connections iff v, = +1,
v,=00rv,=0,v,=+1.
(iii) These are the only K-invariant instantons.

Proof. (i) is an immediate consequence of (2). For (ii), we compare the
coefficients in ad(4(s))- A = A-ad(s) and use (3'), (4a’) and (4b’) to obtain
first that the components of A satisfy 4,, =0, v =1,... 4, and furthermore

@) Ay =43y =45,=175,=0
or (b) 6 =6,, ie. v,=1,v,=0and

Ay1 = 43,3, 437, = —4,, (not all zero)
or ) 6=-0,, ie.v;=—1,v,=0and
Ay1 = —A3,, 431 = 4,, (not all zero)

and P
! @) Az =433 =4s=43,=0

or (b)) 6=6,, ie. v;=0,v,=1 and

Ayz = A34, 433 = —4,, (not all zero)
or (¢c) §=—-0,, ie.v;=0,v,=—1 and
Az = —A34, 433 = 454 (not all zero).
We have ((b) or (c)) < (a') and ((b) or (¢')) < (a), so
0 o0 0 O
A={a Fp Q)or A=[Q « Fp
B ta B ta

with a?> + B> =c, = +1 by (3) (¢, =c; =0). Finally, set o= cosq,
p = sin @ to parametrize this family. The Chern numbers being ¢, = 0 and
c, = —2v,v, it is clear that these connections are flat as can be seen
directly. O
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REMARK. Applying Itoh’s formula [2] dim 4 _ = 8¢, — 6(or = 0) allows
a 10-dimensional moduli space in case (i) but gives zero in case (ii).

ACKNOWLEDGEMENTS

I would like to thank Prof. F. Flaherty and Prof. S. Harris for valuable
discussions that led to this result.

REFERENCES

1. Atiah, M. F. Hitchin, N. J. and Singer, I. M., ‘Self-duality in Four-Dimensional
Riemannian Geometry’, Proc. Roy. Soc. London Ser.A, 362 (1978), 425-461.

2. Itoh, M., ‘On the Moduli Space of Antiself-dual Connections on Kéhler Surfaces’, Publ.
Res. Inst. Math. Sci., Kyoto University 19 (1983), 15-32.

3. Itoh, M,, ‘Invariant Connections and Yang-Mills Solutions’, Trans. Amer. Math. Soc. 267,
No. 1 (1981).

4. Kobayashi, S. and Nomizu, K., Foundations of Differential Geometry, vol. 1, Interscience,
New York, 1963. )

5. Freed, D. S, and Uhlenbeck, K. K., Instantons and Four-Manifolds, Springer, Berlin,
Heidelberg, New York, 1984.

6. Atiah, M. F.,, Geometry of Yang—Mills Fields, Scuola Normale Superiore Pisa, 1979.

Author’s address:

Frank R. Unger,
Gatzenstr. 49
4150 Krefeld,
FR.G.

(Received, August 7, 1986)




� EINBETTEN PBrush  ���





� EINBETTEN PBrush  ���





� EINBETTEN PBrush  ���





� EINBETTEN PBrush  ���








[image: image5.png]INVARIANT Sp(1)-INSTANTONS 367

and
cos26, —sin26, 0 0
sin20,  cos 20, 0 0
ad(e) = .
0 0 cos20, —sin26,
0 0 sin26,  cos26,

and we have the

THEOREM. On homogeneous Sp(1)-bundles over S§* x S? the following is
true:
(i) The canonical K-invariant connection is self-dual iff v, =v, and
antiself-dual iff vi = —v, (cf. (1)).
(i) There exists a 1-sphere of K-invariant flat connections iff v, = +1,
v,=00rv,=0,v,=+1.
(iii) These are the only K-invariant instantons.

Proof. (i) is an immediate consequence of (2). For (ii), we compare the
coefficients in ad(4(s))- A = A-ad(s) and use (3'), (4a’) and (4b’) to obtain
first that the components of A satisfy 4,, =0, v =1,... 4, and furthermore

@) Ay =43y =45,=175,=0
or (b) 6 =6,, ie. v,=1,v,=0and

Ay1 = 43,3, 437, = —4,, (not all zero)
or ) 6=-0,, ie.v;=—1,v,=0and
Ay1 = —A3,, 431 = 4,, (not all zero)

and P
! @) Az =433 =4s=43,=0

or (b)) 6=6,, ie. v;=0,v,=1 and

Ayz = A34, 433 = —4,, (not all zero)
or (¢c) §=—-0,, ie.v;=0,v,=—1 and
Az = —A34, 433 = 454 (not all zero).
We have ((b) or (c)) < (a') and ((b) or (¢')) < (a), so
0 o0 0 O
A={a Fp Q)or A=[Q « Fp
B ta B ta

with a?> + B> =c, = +1 by (3) (¢, =c; =0). Finally, set o= cosq,
p = sin @ to parametrize this family. The Chern numbers being ¢, = 0 and
c, = —2v,v, it is clear that these connections are flat as can be seen
directly. O



[image: image6.png].

FRANK R. UNGER

INVARIANT Sp(1)-INSTANTONS ON §% x §?

ABSTRACT. In this paper all (anti)self-dual invariant connections on homogeneous
quaternionic line bundles over §? x S? are calculated and described in terms of the isotropy
homomorphism of the bundle using Wang’s theorem. These are the canonical connections on
bundles with an ‘(anti)symmetric twist’ and an S'-parametrized family of flat structures on
bundles with a ‘simple twist’.

INTRODUCTION

The classification of instantons on S* ([1],[6]) starts out with the ‘basic
instanton’, the canonical invariant connection of the Hopf fibration
$* - 87 - §* Conformal transformations then generate new instantons.
The same question posed for S* x S? requires a different approach since its
connected conformal group consists only of isometries ([4, Note 11, Th. 2,
(2)]). But even though S? x S? is not a self-dual manifold, since it is
compact Kaechler a dimension formula for the moduli space .#_ of
irreducible antiself-dual connections still holds and makes the situation
again similar to that of S*. This motivates us to pursue the first step ([6, Ch.
1, 2]) on §? x S2. :

DESCRIPTION. We writte M =S8?>xS>=K/J as a reductive
homogeneous space [4] with K = Sp(1) x Sp(1) and J = U(1) x U(1). For
any homogeneous quaternionic line bundle over M we consider its bundle
P(M, G) of Sp(1)-frames with isotropy homomorphism i:J — G = Sp(1). 4
is of the form

1) A1 (€101 e12f2) s @ 1017202y 1y e 7
up to an orientation preserving rotation in the Lie algebra imH of Sp(1).
We decompose £=imH x imH =o + » with o = Spang(i,,i,) and
= Spang(X, =j;, X, =k, X5 =Jj,, X4 = k,). For reductiveness we have
[iu] = 8,0k, and [i,. k,] = —3,j,€ m

Given a K-invariant connection I' on P corresponding to an ad-invariant
map A: sz o (cf. [4]) we may evaluate the self-duality condition (X means
‘induced by X°)

Q.(X, X) = (-),X,. X)) GGt =1)

using Wang’s formula. (The ‘— sign describes the antiself-dual case.) For
the canonical connection we get

@) Agliy) = (=)A,l03),
and in general we have two homogeneous and one inhomogeneous

Geometriae Dedicata 23, (1987) 365-368
© 1987 by D. Reidel Publishing Company.



[image: image7.png]366 FRANK R. UNGER

instanton equation
(3) [AXuAXz](T)[AXs’AX‘t] = i*(i1(f)i2)
(4a) [AX1,A)(3](1‘)[AX2,AX4]=O
(4b) [AX,AX,] 5[AX,, AX5]=0.

Writing A as a (3 x 4)-matrix A = (4,,), (4a) and (4b) can be re-expressed
by

(4a") A34<i) A:S =0
and
@v) AP A =0, n=123,

where A!™ denotes the determinant of A after deleting the nth row and the
columns [ and m, whereas (3) becomes

(3) Ay (T)iz) =i —cyj +c3k
with ¢, = A* (T)A,llz.

For seSp(l), ad(s) := (Rs—; Ly),: imH —im H is given by a (3 x 3)-matrix
which decomposes as

ad(s) = ad(s)sym + ad(s)skew

where
s + 57 — 53 — 53 25,55 25,55
ad(s)gym= 2s,s, s34+ 53— st — 83 25,5,
25,5, 25,5, Sg+ 53— 57— 53
and
0 —S5; . 5
ad(s)gew = S3 0 -5,
—s, 5 0

where s = sy + 5,1 + S,/ + s3k.
Now let o := (e'1°1, ¢'2%2) and 0 := v,0, + v,0,. Then
1 0 0
ad(A(c)) =] O cos26 —sin20
0 sin26 cos 26



[image: image8.png]368 FRANK R. UNGER

REMARK. Applying Itoh’s formula [2] dim 4 _ = 8¢, — 6(or = 0) allows
a 10-dimensional moduli space in case (i) but gives zero in case (ii).
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